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a b s t r a c t
The purpose of this work is to study the following implicit iteration scheme
xn = αnxn−1 + (1− αn)Tnxn, n ≥ 1,
where Tn = TnmodN , and to prove several strongly convergent theorems of the iteration
for a finite family of hemicontractive mappings in Banach space. Our results extend a
recent result of Haiyun Zhou [Haiyun Zhou, Convergence theorems of common fixed points
for a finite family of Lipschitz pseudocontractions in Banach spaces, Nonlinear Anal. 68
(2008) 2977–2983] and Xu and Ori [H.K. Xu, R.G. Ori, An implicit iteration process for
nonexpansive mappings, Numer. Funct. Anal. Optim. 22 (2001) 767–773], and we have
proved that the sequence {xn} converges strongly to a common fixed point of a finite family
of hemicontractive mappings {Ti}Ni=1.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
In this work, let E be a real Banach space and let J denote the normalized duality mapping from E to 2E
∗
defined by
J(x) = {f ∈ E∗ : 〈x, f 〉 = ‖x‖ ‖f ‖ , ‖x‖ = ‖f ‖}, ∀ x ∈ E,
where E∗ denotes the dual space of E and 〈·, ·〉 denotes the generalized duality pair. It is well known that if E∗ is strictly
convex then J is single-valued. In the sequel, we shall denote the single-valued duality mapping by j. Let K be a nonempty
closed convex subset of a Banach space E and T : K → K be a self-mapping of K . Then T is said to be nonexpansive if for
all x, y ∈ K , we have ‖Tx− Ty‖ ≤ ‖x− y‖. Convergence theorems for nonexpansive mappings have been established by a
number of authors ([1–3] and the references therein). We use F(T ) to denote the set of fixed points of T ; i.e. F(T ) = {x ∈
K : x = Tx}. We know that F(T ) is nonempty if K is bounded; for more details see [4].
Definition 1.1. (i) A mapping T with domain D(T ) and range R(T ) in E is called a pseudocontractive mapping if for all
x, y ∈ D(T ), there exists j(x− y) ∈ J(x− y) such that
〈Tx− Ty, j(x− y)〉 ≤ ‖x− y‖2. (1)
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(ii) A mapping T with domain D(T ) and range R(T ) in E is called a hemicontractive mapping if F(T ) 6= ∅ and for all
x ∈ D(T ) x∗ ∈ F(T ), there exists j(x− y) ∈ J(x− y) such that
〈Tx− x∗, j(x− x∗)〉 ≤ ‖x− x∗‖2. (2)
(iii) A mapping T : K → K is called L-Lipschitzian if there exists L > 0 such that
‖Tx− Ty‖ ≤ L‖x− y‖, ∀x, y ∈ K . (3)
It is easy to see that the class of pseudocontractive maps with fixed points is a subclass of the class of hemicontractions.
The following example, due to Rhoades [5], shows that the inclusion is proper. For x ∈ [0, 1], define T : [0, 1] → [0, 1] by
Tx = (1 − x 23 ) 32 . It is shown in [5] that T is not Lipschitz and so cannot be nonexpansive. A straightforward computation
(see, e.g., [6]) shows that T is pseudocontractive. For the importance of fixed points of pseudocontractions the reader may
consult [7].
In 2001, Xu and Ori [1] introduced the following implicit iteration process for a finite family of nonexpansive mappings
{Ti; i ∈ I} (here I = {1, 2, . . . ,N}) in Hilbert space. For x0 ∈ K and {αn}∞n=1 ⊂ (0, 1), the sequence {xn}∞n=1 is generated as
follows:
x1 = α1x0 + (1− α1)T1x1
x2 = α2x1 + (1− α2)T2x2
...
xN = αNxN−1 + (1− αN)TNxN
xN+1 = αN+1xN + (1− αN+1)T1xN+1
...
The scheme is expressed in a compact form as
xn = αnxn−1 + (1− αn)Tnxn, n ≥ 1, (4)
where Tn = Tn mod N (here the n mod N function takes values in I). Xu and Ori proved the weak convergence of this process
(4) to a common fixed point of the finite family {Ti; i ∈ I}.
In 2002, still for a finite family of nonexpansive mappings, Zhou and Chang [2] studied the weak and strong convergence
theorems of the implicit iteration process (4) to a common fixed point in a uniformly convex Banach space with αn ∈ (b, c)
for some constants b, c ∈ (0, 1).
In 2005, Chidume and Shahzad [3] generalized Zhou’s result still in the uniformly convex Banach space with {αn} ⊂
[δ, 1− δ] for some δ ∈ (0, 1). However, their control conditions excluded the natural choice of αn = 1n .
Recently, Rudong Chen and Huimin He [8] studied the nonexpansive semigroup in reflexive Banach space.
In 2008, Haiyun Zhou [9] studied the following result:
Theorem (Zhou [9]). Let E be a real uniformly convex Banach space with a Fréchet differentiable norm, let K be a closed convex
subset of E, and let {Tn}∞n=1 be a family of Lipschitzian pseudocontractive self-mappings of K such that F = ∩Ni=1 F(Ti) 6= ∅. Let{xn} be defined by (4); if {αn} is chosen so that αn ∈ (0, 1) with lim supn→∞ αn < 1, then {xn} converges strongly to a common
fixed point of the family {Tn}∞n=1.
In thiswork,we extend the result of Haiyun Zhou [9] from Lipschitzian pseudocontractive self-mappings to a finite family
of hemicontractivemappings in Banach space. The sequence {xn} defined by (4) converges strongly to a common fixed point
of a finite family of hemicontractive mappings {Ti}Ni=1.
2. Preliminaries
A Banach space E is called uniformly convex if for each  > 0 there is a δ > 0 such that for x, y ∈ E with ‖x‖, ‖y‖ ≤ 1
and ‖x− y‖ ≥ , ‖x+ y‖ ≤ 2(1− δ) holds. The modulus of convexity of E is defined by
δE() = inf
{
1−
∥∥∥∥12 (x+ y)
∥∥∥∥ : ‖x‖, ‖y‖ ≤ 1, ‖x− y‖ ≥ } ,
for all  ∈ [0, 2]. E is said to be uniformly convex if δE(0) = 0, and δ() > 0 for all 0 <  ≤ 2. Bruck [10] proved the
following useful inequality:
Lemma 2.1. Let E be a uniformly convex Banach space with the modulus of uniform convexity δE . Then δE : [0, 2] → [0, 1] is
continuous increasing, δE(0) = 0, and δE(t) > 0 for t > 0, while
‖cu+ (1− c)v‖ ≤ 1− 2min{c, 1− c}δE(‖u− v‖)
where 0 ≤ c ≤ 1 and ‖u‖, ‖v‖ ≤ 1.
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Definition 2.2. Let K be a closed subset of a Banach space E. A mapping T : K → K is said to be semicompact if for any
bounded sequence {xn} in K such that ‖xn − Txn‖ → 0 (n → ∞), there exists a subsequence {xni} ⊂ {xn} such that
xni → x∗ ∈ K (i→∞).
Lemma 2.3 ([11]). Let x, y ∈ E. Then the following conditions are equivalent:
(i) ‖x‖ ≤ ‖x+ λy‖ for all λ ≥ 0;
(ii) there exists f ∈ J(x) with 〈y, f 〉 ≥ 0.
3. Main results
Now we prove our results.
Proposition 3.1. Let K be a nonempty closed convex subset of a Banach space E and T : K → K be a hemicontractive self-
mapping of K , for all x ∈ K, p ∈ F(T ). Then the following inequality holds:
‖x− p‖ ≤ ‖x− p+ λ(x− Tx)‖, for all λ ≥ 0. (3.1)
Proof. Using the fact that T is hemicontractive we obtain
〈Tx− p, j(x− p)〉 ≤ ‖x− p‖2
and moreover
〈x− Tx, j(x− p)〉 ≥ 0.
With the help of Lemma 2.3, we have
‖x− p‖ ≤ ‖x− p+ λ(x− Tx)‖, for all λ ≥ 0.
The proof is completed. 
Proposition 3.2. Let E be a real uniformly convex Banach space, Let K be a compact convex subset of E and {Ti}Ni=1 be a finite
family of Li-Lipschitzian hemicontractive self-mappings of K such that F = ∩Ni=1 F(Ti) 6= ∅. Let {αn} be a real sequence in (0, 1)
satisfying lim supn→∞ αn < 1. For arbitrary x0 ∈ K, the sequence {xn}∞n=1 is generated by (4). Then {xn} converges strongly to a
common fixed point of a finite family {Ti}Ni=1.
Proof. Firstly, we show that limn→∞ ‖xn − x∗‖ exists, where x∗ ∈ F = ∩Nn=1 F(Ti). Using the fact that {Ti}Ni=1 is
hemicontractive we obtain
‖xn − x∗‖2 = αn〈xn−1 − x∗, j(xn − x∗)〉 + (1− αn)〈Tnxn − x∗, j(xn − x∗)〉
≤ αn‖xn−1 − x∗‖‖xn − x∗‖ + (1− αn)‖xn − x∗‖2,
which implies that ‖xn − x∗‖ ≤ ‖xn−1 − x∗‖; consequently, limn→∞ ‖xn − x∗‖ exists.
Next, we prove ‖xn − Tlxn‖ → 0 as n→∞, ∀l ∈ I . By Lemma 2.1, Proposition 3.1, the definition (ii) of hemicontractive
mapping and (4), we have
‖xn − x∗‖ ≤
∥∥∥∥xn − x∗ + 1− αn2αn (xn − Tnxn)
∥∥∥∥
=
∥∥∥∥xn − x∗ + 1− αn2 (xn−1 − Tnxn)
∥∥∥∥
=
∥∥∥∥αnxn−1 + (1− αn)Tnxn − x∗ + 1− αn2αn (xn − Tnxn)
∥∥∥∥
=
∥∥∥∥xn−1 + xn2 − x∗
∥∥∥∥
≤ ‖xn−1 − x∗‖
[
1− δE
(‖xn − xn−1‖
‖xn−1 − x∗‖
)]
,
which implies that
‖xn−1 − x∗‖δE
(‖xn − xn−1‖
‖xn−1 − x∗‖
)
≤ ‖xn−1 − x∗‖ − ‖xn − x∗‖.
By the properties of δE , hence
‖xn − xn−1‖ → 0, as n→∞.
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Note that
‖xn−1 − Tnxn‖ = 11− αn ‖xn − xn−1‖.
Using the assumption that lim supn→∞ αn < 1, we have
‖xn−1 − Tnxn‖ → 0, as n→∞.
It follows from (4) that
‖xn − Tnxn‖ = αn(‖xn−1 − Tnxn‖)→ 0, as n→∞.
Consequently, ∀i ∈ I ,
‖xn − Tn+ixn‖ ≤ (1+ L)‖xn − xn+i‖ + ‖xn+i − Tn+ixn+i‖ → 0, as n→∞.
Therefore, ∀l ∈ I , there exists some i ∈ I such that n+ i = l mod N . It follows that
‖xn − Tlxn‖ = ‖xn − Tn+ixn‖ → 0, as n→∞.
By the compactness of K this immediately implies that there is a subsequence {xnj} of {xn}which converges to a common
fixed point of a finite family of {Ti}Ni=1, say y∗. Since limn→∞ ‖xn − x∗‖ exists, ‖xn − y∗‖ → 0 as n → ∞, i.e., xn → y∗ as
n→∞.
The proof is completed. 
Proposition 3.3. Let E be a real uniformly convex Banach space. Let K be a convex subset of E and {Ti}Ni=1 be a finite family of
Li-Lipschitzian hemicontractive self-mappings of K such that F = ∩Ni=1 F(Ti) 6= ∅ and there exists one map T ∈ {Ti}Ni=1 that is
semicompact. Let {αn} be a real sequence in (0, 1) satisfying lim supn→∞ αn < 1. For arbitrary x0 ∈ K, the sequence {xn}∞n=1 is
generated by (4). Then {xn} converges strongly to a common fixed point of a finite family {Ti}Ni=1.
Proof. It follows from Theorem 3.2 that, ∀x∗ ∈ F = ∩Nn=1 F(Ti),
lim
n→∞ ‖xn − x
∗‖ exists.
lim
n→∞ ‖xn − Tlxn‖ = 0, ∀l ∈ I.
Thus {xn} is bounded; then by the hypothesis that there exists one map T ∈ {Ti; i ∈ I} that is semicompact, we may assume
that T1 is semicompact without loss of generality. Therefore
lim
n→∞ ‖xn − T1xn‖ = 0,
and by the definition of being semicompact there exists a subsequence {xni} ⊂ {xn} such that
xni → z∗ ∈ K (i→∞).
Thus
‖z∗ − Tlz∗‖ = lim
i→∞ ‖xni − Tlxni‖ = 0 ∀l ∈ {1, 2, . . . ,N},
i.e. z∗ ∈ F = ∩Nn=1 F(Ti). Since limn→∞ ‖xn − x∗‖ exists, ‖xn − z∗‖ → 0 as n→∞, i.e., xn → z∗ as n→∞.
The proof is completed. 
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